


Determining How Well Two Pictures Match

Given images I; and I5:
1. Sum magnitude of differences between pixels: ¥, ¥, |1 — Ia|.
2. Sum squares of differences: £, %, |} — L2,
3. Based on Schwartz Inequality: For any two integrable functions

LE

(Jfo?<[f]g

over any domain of integration for which integrals are all defined.
The two are equal if and only if g = ¢f for constant ¢ (i.e. g is

(real-valued, non-negative, not identically zero):

a scalar multiple of f).




Corollary 1

Once again, the equality holds if g = ¢f.
Corollary 2

Define cross-correlation:

f®g /__x /_x flu,v)g(u+z,v + y) dudr
Normalized cross-correlation operator:
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Cross-correlation

The cross-correlation' operation is defined as

which takes in f and ¢ 31.1'1(_11 returns a function of variables x and v.
Corollary

This corollary follows from the Schwarz inequality:

I ®g = | at positions (x, y) for which g = ¢f,
< 1 otherwise.

VI VI g2




Now let’s consider the discrete version of function f.

Suppose F(X,Y) is an M x M “digital filter” (a digital image
extended to include the possibility that certain pixel values may be

negative.), where M is an odd number.
Suppose that (X, Y)is an N x N image, where N > M.
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Figure 1: Discrete Filter
Suppose (X, Y ) is the point we are looking at, the filter will be
covering (with respect to image [) the range | X — | M/2|, X+
(M/2]] and [Y — | M/2|, Y+ |M/2]]. (Figure 1 illustrates the

case M = 3.)



'The correlation process involves moving the filter F' over a finite

image I a pixel (a square grid in the above diagram) at a time, and
to compute a new image I'( X, YY), where
(M/2] | M/2]
I'X. V)= X > Flig) I(X+i.Y+7)
j=—[M/2] i=—| M/2]

For each point (X, Y") in image I, there are M? multiplications, and
M? — 1 additions. Since there are N2 points in image I, if M ~ N,
then we will have O(N?*) complexity. This is quite an expensive
operation, and we would definitely be interested in trying to speed
up the operation. We will see later how to speed up cross-correlation

using convolution and the Fourier transtorm.




f part of the filter F'(X,Y) is out of the boundary of image I, then
we may end up having artifacts in the resulting image I,

This 1s known as the boundary effect and there are several ways

to handle this problem:
1. use only a portion of the N x N image I defined inside the
a particular region for correlation, such as [M/2| < XY <

2. assume that the magnitude of I outside its boundary is 0.

o

. use the wrap-around method to define magnitude of I outside

1ts boundary.




Convolution

The convolution operation is defined as

Fag® [ 1% fuw) glo—uy—o) dude

The above equation can be rewritten as

fxg= /_1 /_i J(—u,—v) g(x+u,y+v)dudv

[t 1s obvious then that the convolution of f(x,y) and g(x,y) is
identical to the correlation of f(—z, —y) and g(x,y), and the cor-
relation of f(x,y) and g(x,y) is identical to the convolution of
f(—z,—y) and g(x,vy).

[f fisaneven function, then convolution and correlation are equiva-
lent operations. Otherwise, we can think of convolution as a process
which correlates g(a,y) with a flipped version of the function f,

that is, by replacing f(z,y) with f(—x, —y).




o o — - -

Here are some usef

Lf®g=92Ff

2.fxg=qgx*f
3.(fxg)xh=fx(gx*xh)

4. f(z,y) * g(z,y) = f(—z,—y) ® g(z,y)




IIpoGieMa yCTOHYHUBOCTH pelieHusl CUCTEeM JIMHEHHBIX aJiredpauyecKux

yPaBHEHHUIA.

PaccMOTpUM CUCTEMY JTUHEHHBIX anredpandyeckux ypaBHEHUN
Az=u.,
B KOTOPOH z W u# - BEKTOpbL, Z =(Z,,2,,...,2,) €R", u=(u,,u,,...,u,)e R", A - matpuua c
3JIEMEHTaMH 4 = {A},j, rne j=12,...,n;i=12....m (maTpuua pasmepa mxn ).

[TpakTH4ecKoe peLIeHHE TaKON CUCTEMbl YPaBHEHUH (T.€. HAXOKAEHUE BEKTOpA PELIeHUs 110
MCXOQHOM UH(GOpMaLMK - U3BECTHOM MaTpulle A ¥ MpaBOM YaCTH ypaBHEHHUsA u ), OOBIYHO
OCHOBAHO Ha MCMOJIb30BAHUHU TOM UJIU UHOHM CTAHAAPTHON KOMITBOTEPHOMU MPOrpaMMbl.
CymecryeT 00Jb110€ KOJMYECTBO 3PPEKTUBHBIX YUCIEHHBIX METOAOB PELIEHHUs] CUCTEM JIMHEeMHbIX
anreOpan4ecKrX YpaBHEHUM U, COOTBETCTBEHHO, UX NIPOrpaMMHBIX peanusauui. B To xe Bpems,
MCITOJIb30BaHKE 0€3 IOMOTHUTENIbHOIO aHAIK3a MOJy4aeMbIX HAa UX OCHOBE Pe3yJbTaToB (eciau
TAKOBbIE UMEIOTCSI, - YACTO IMPOrPaMMBbI BOOOIIIE HE MOTYT HAlTHU PELIEHHUS), MOXKET MPUBECTH K
CEpbE3HBIM MPaKTUYEeCKUM OLIKOKaM. [11si mpaBuIbHOM NOCTAHOBKHU 3aAauu, BbIOOpa MpOrpaMMBl U
WHTEPTPETALMU PE3yJIbTATOB O4YeHb BAXKHO OBITh 3HAKOMBIM C OCHOBHBIMU TPYAHOCTSMH,

BO3HUKAIOIIMMH NPU PELIEHUH CUCTEM JIMHEHHBIX YPaBHEHUH, U C MyTsAMHU UX MPEOJOJCHHUS.



IIpeasapureibHBbIE CBEJEHHA.

JIns manbHEeHIIero HaM MOHaA00sATCs CIEAYIOIUE TTOHATHS

Onpenenenue 1. Matpuua A" pa3mepa 1 xm Ha3bIBAETCS CONPANCEHHOU TIO
OTHOILUEHHUIO K MaTpulie A pa3mepa m X n , €Cliu {A"}ﬂ = {A}U JUIst BCEX I, J .

Onpenenenue 2. Yucno A Ha3bIBaeTCs cOOCmMEeHHbIM 3HAYeHUEM (COOCMEEHHbIM
YUCI0M) MATPHULBI A , €CJTH CYLIECTBYET TAKOM HEHYJIEBOM BEKTOP X, UTO Ax = Ax.

Onpenenenue 3. ApudmeTnyeckue 3HaUeHUST KBAAPATHBIX KOPHEN U3 COOCTBEHHBIX

3Ha4yeHui MaTpuLbl A° A Ha3BIBAIOTCS CUHRYIAPHBIMU YUCIAMU MATPULIBI A .

Onpenenenue 4. BeecTBenHoOe 4ncio 4| nocrasnenHoe B cooTBercTBHE MaTpHLEe A

Ha3bIBACTCA IlOp.MOZ? mampuysl, €CJIIU BbINIOJHEHBI CICOYIOIIHUE aKCHOMBI!

|| =|4|-|4

?

|4] >0, ecnn A %0, loj=0;

A+ B|< 4]+ |8}, Jac

<|l4]-|c]

ans modoro yucna A v mobsix matpuy A, B u C.

-




CyluecTByrOT pa3au4Hble HOPMbI MAaTPHLI, UCIIOJIB3yEMBIE B JIMHENHOM anrebpe. Haubonee

yIOTPEOUTEIbHBIMHU SIBJISTFOTCS

m

|4, = max>|a,| (1 - sopma),

1<j<n in1

n

], =max>a,| (o -nopua)

4], =M (4) = (mn)""* max

a,.j.l (M — HOpMA);

|4

i
i

, = MaKCUMaJIbHOMY CUHIYJIIPHOMY YMCJIy MaTpHULbI (CrIeKTpaibHas HOpMa);

1/2
HAHE = [ZZ‘CIU’-} (eBKJIMIOBA HOPMA).

i=l j=1

B nureparype BCTpeyaroTCs Takke APyrue Ha3BaHUS 3THX JKe HOPM.




Biausinue HETOYHOCTH HCXOAHOH HH(OPMALIHH.

KoadduumeHnTsl 1 cBOOOAHbIE YIEHBI CUCTEM JIMHEHHBIX YPaBHEHHH
Az=u,
BO3HUKAIOIIMX NPH PELIEHUH NPAKTHYECKHUX 3aJ]a4 OOBIYHO U3BECTHBI HE TOYHO, & C HEKOTOPBIMH

norpewHOCTAMH. T.0., BMECTO KO3(DQULHEHTOB @, 3TOM CHCTEMBI U NIPABOH YaCTH U , U3BECTHbI

BO3MYLIEHHBIE MaTpulia A ¥ npasas 4aCThb # TaKHe, YTO:

“A = A“ <6, [u-u|<s,.

30ech HOPpMa MATPHII OIIPEAECTACTCA OOAHHUM U3 NMEPEYUCIICHHBIX BbILIEC CrocoNoB.




IIpuBenemM npumMep, WIMIOCTPUPYIOLIUI TPOOIEeMy HEYCTOHUHUBOCTH MOJNYYaEMOTO PELIEHHS!

MO OTHOLUEHMIO K OIIMOKaM BO BXOOHBIX HaHHbIX:

[Tpumep. IlycTh

i ()()l . ( 1.01 W

01 (0.99

€. /laHa cUCcTEMa ypaBHEHHUH
z, +0.99z, =1.01,

z, +1.01z, =0.99.

€ peuicHuem sBiisieTcs

He usmensis MmaTpuuy pPAacCMOTPUM CUCTEMY C BO3MYLLEHHOH ITPABOH YacThO U :

10.99) |
= T.€. pELLIUM CUCTEMY Az =1U .

= J
L 0.99



"z.) (0.99
‘ . CUWIBHO OTJIMYAETCs OT PELICHUS UCXOJAHON HEBO3MYUICHHOH

z J:., 0 )

N2

[TonyueHHOE pelieHue
3a/1auM. XOTs [paBas 4acTb Obljla BO3MYIIEHA OYEHb MaAJIO.
3ameuanue. OTMETHM, UYTO B JaHHOM MPUMEPE ONPEACIUTENIb MAaTPULbl A Mall (OH paBeH
0.02). Kpose Toro. B Kypce JMHENRHON aireOpbl IPH PeLICHUH CHCTEM JIMHEHHBIX YPABHCHHH BCEI1a
rpedyerces. 4ToObl “MaTpuiia A Obula HEBBIPOKIACHHOK  (T.€. ONpeAe/IMTE b MAaTPULLbl OTJIHUCH 01
nysst). Kasanocen Obl. 4TO JUIS YCTOMYMBOCTH PELICHHUS 10OCTATOYHO MOTPEOOBATH, YTOOB

OIMPCACIIUTCIIb MATPHLLb] “He ObUI Masl , HO 2TO 1‘pe601311m1c HEC UMECT CMbICJIA ITPH TTPAKTHHCCKHX

BbIYHUCIICHUAX. [lei’tcrmnc;n_,no. pacCMOTpUM MATpUILY

100 0 0
0 100 O |.
o o 10"

OIpeJIe/IuTE b KOTOPOid paBeH 1. SIcHO 4TO Ma0€ BO3MYIIECHUE YTOH MATPHILbl MOKET CAC/IATD

OnpeAciuTC/Ib OUYCHb MallbIM, 4 CUCTCMY HC}"C‘I'()ﬁHHBOﬁ.




HPHBC,'lC.\l FCOMCTPHUYCCKYIO HHTEPIPCTALIHIO BIAUAHUSA MOrpCIHOCTH Ha MOJIYHacMOC

peuienue. [ycTs HaM jana MCXO/Has CUcTEeMa JIMHENHHBIX YPAaBHEHUH ¢ MATpULICH A . UMCIOLICH

pazmep 2x2:

JikZie20 ) S8 8 T Qo2 = Uy
:421525) = @52, Y@y 2 =Uss
Matpuily A4 cuMTaeM HEBO3MYIICHHOM. a PaBylo YacThb ¢ 3aJaHHOM NPUOJIHKEHHO:
By, €U =N B ) By €l =Ry iy, Filky).
[‘ecOMETPHUUECKH KaXK/I0€ YPaBHEHHE HEBO3MYILICHHOM CUCTEMbI H300pakaeTCs MpsAMOH JIMHUEH Ha
miockocTi. COOTBETCTBYIOLIECE YPABHEHHE BO3MYILIICHHON CUCTEMBI — [1APAJJIEIbHOM € MPSIMOH,
KOTOpast 1CHKHUT BHYTPH HEKOTOPOH 1M0a0Ch! (CM. puc.). [l nepBoro ypaBHeHUs1, HallpUMep, 110710¢a

OrpaHHYeHa NpAMbIMH [, =u, —A, u f, =u, +A,.







Takum 00pa3oM. pelieHus: BO3MYLIEHHON CUCTEMBI JISKaT BHYTPU Nnapasijieliorpamma,
SBJISIIOLIErOCs nepeceyeHreM 1oJ1oc. [Ipy 3ToM iiMHa BEKTOpa OLIMOKH MOKET JIOCTUTaTh

[IOJIOBHHBI JUTMHBI HAUOOIIBIIEH JUaroHalin [mapa;uic/iorpamMmmad. JTta AJiuHa TeM O0JIbIIE, YEM

MEHbIIE YrOJI MCKIY NpAMbIMUA f, =u, U [, =u,.

Bo3myuieHue marpuiibl 4 MOKET IPUBECTH, KPOME TOI'0, K JAONOJIHUTEIILHOMY MOBOPOT)
[PSMBIX H300paKaroLIMX YPaBHEHUsI, HO U IIPU ITOM RI0XAUS 00YCA106.1eHNOCHb CUCTEMbI CBA3aHa ¢

MAJTOCTBIO VIUIa MCIKCAY TIPAMBIMH.




B 3akiroueHue 0OTMETHM Ba)KHOCTD IMPABUIIBHOTO MACUIMAOUPOGANUs PELIAEMOH CUCTEMBI
VPAaBHEHHH TPH NPAKTUYECKUX BbIYUCICHUAX. JlaHHbBIH npouecc ObIBAET 1M0JIE3€H B ClIyyae, Korja
cpeau KOYPPUUHEHTOB U CBOOOIHBIX YIEHOB BCTPEUAIOTCS CUIILHO Pa3/IHyaloUuecs no BeJIHYHHE.

JICHCTBUTENBHO, €CJIM CUCTEMY YPAaBHECHUH
&

reOMEeTpHUECKas HHTEpIIpeTalus KOTOPOH JaeT IepIeHAUKY/IspHbIe IIpIMbIe Ha MJIOCKOCTH.
3aMEHHTH HA YIKBUBAJIEHTHYIO CUCTEMY

z, =1,

107z, ==10
TO MaJioe BO3MYIICHHE MPABOH 4aCTH CHCTEMBI (**) NPUBOJAUT K CHIIbHOMY H3MEHEHHIO PCILICHHS.
[.0., npu pelieHUH KOHKPETHOMH 3a/1a4il HEOOXOAUMO CrIepBa MONbITATLCs [IPOU3BECTH
MaclITa0OUpPOBAHUE, T.€. I10JYUYUTh, 32 CUET YMHOKCHHUS YPABHEHUH HA HEKOTOPbIE MHOKHTEIIH.
OJIM3KHE N0 NOPsIKY KOXP(PHIMEHTHI U CBOOO/IHbIE WiIeHbl B cucTeme. Macuirabuposanue JUis

ypaBHeHHs (**), HarpuMep. 3aKIoyaeTcs B YMHOKEHHH BTOPOro ypapHenus Ha 10



Huci0 00yc/10BJIEHHOCTH MATPHIbI.

[Ipy W3ydyeHHH YCTOHYMBOCTH PELICHHUS CUCTEMbl JTUHEHHBIX alreOpanyecKuX ypaBHCHHIH
Az =u ¢ marpuueit A pasMepa nxn., BAKHYIO POJIb HMEET TakKash XapakKTepUCTUKA. KaK Yuclo

ooycroeiennocmu ¢(A) matpuubl. OHO onpeaensieTcs: GopmyIoH

c'(A):?

A4
rae Marpuna A~ - mMarpuua odpamuas K Marpuie A, T.e. MaTpHLa YI0BJIETBOPAIOLIAs PABEHCTB)
A" A=E (E - eounuynas matpuua pasMepa nxn. y KOTOpoil snemeHTsl {£j, =1. a J1eMeHTbI
:/: =0, npui#j).

3ameuanue. HeoOX0AMMO OTMETHTH, MPH ONPEIEICHUNA Yhcaa 00YCIOBIEHHOCTH MATPHILLbI

UCITO/IL3VETCs MaTprHiHas HOpMaA M 3HA4YCHUC 4HC]Ia ()6_\'CJ1()B.'l€l1HOCTH MAaTpPHILbI 6_\',‘161 pPa3JIn4HbIM

JUISl Pa3HbIX MaTPUYHbBIX HOPM.




[.cii MBI HCITOJB3YEM OJHY H Ty XK€ MATpH4YHYKO HOPMY, TO HCM 0OOJIbBLIC HUCJIO

00YCJIOBJIEHHOCTH MATPHILbl, TEM 0O0JIbIIEE OTHOCUTEIBHOE BO3MYIIEHHE PELICHUS CUCTEMbI Az = u
BO3MOJKHO I1IPH TAKKX K€ OTHOCUTEJIBHBIX BO3MYILUEHUSIX UCXOJHBIX JaHHbIX.
[TpuBeieM HEKOTOpPbIE IJIEMEHTApHBIE CBOMCTBA 4YUCia 00YC/IOBICHHOCTH MATPHILbl. BEPHbIC

218 J1H00BIX MATPHYHbIX HOPM:

rIe «, U &, - HandOJbIIIEE U HAMMEHbBILEE CUHTYJISIPHbIEC YACIA MAaTPHULbl A .
OHO CBsI3aHO C 4YHCIOM OOYCIIOBIEHHOCTH B Haubojee ynorpedisieMod B IIpaKTHKE
€BKJIMI0BOM HOPME HEPABEHCTBAMMU

¢,(4)=<c,.(A)<n-c,(A).



